Polyhedron Activity

By James E. Schultz

Grade level:  Different parts of the activity are for grades 6  through high school geometry.  I have done versions of it with students aged 12 to 16.

Materials:  Polydrons ™, commercial materials, are ideal.  But the same activities can be done with gumdrops (or small marshmallows) and coffee stirrers (or toothpicks).  When using Polydrons each group should have at least 12 pentagons and 20 hexagons, (enough to build a soccer ball).
Objectives:  To learn the vocabulary of space figures; to develop spatial reasoning; to determine all the regular polyhedra; and, to learn Euler’s formula for polyhedra and use it to “predict” regular polyhedra and the geometry of a soccer ball.  (We will do most of this in a single period, but this might constitute a week-long unit in a sixth-grade classroom.)
Vocabulary:  vertex (pl. vertices), edge, face, polyhedron (pl. polyhedra), prism, pyramid, regular polyhedron (made of one kind of regular polygons with the same thing happening at each vertex.  For example, three squares meet at each vertex of a cube, so we would use 4, 4, 4 to describe each vertex.); semiregular polyhedron (made of more than one kind of regular polyhedron with the same thing happening at each vertex. For example, at each vertex we have pentagon, hexagon, hexagon, so we use 5, 6, 6 to describe each vertex.).   Note that “side”, “vertexes”, “vertice”, and “polyhedrons” are not part of the vocabulary that the teacher should use.  
Activities: 
1. Use given sets of materials to build polyhedra.  Discuss the various types.

2. Use the examples to discover Euler’s theorem for polyhedra, relating the number of edges to the number of vertices and faces.

3. Test the examples created  to see if they satisfy the theorem.  Discuss the essential idea of the proof (which can also be used to help remember it).
4. Discuss the possibilities for regular polyhedra (Platonic solids, named after Plato), noting how it depends on the measure of the angles around a point totaling less than 360 degrees.
5. Illustrate how Euler’s theorem can be used to “predict” the regular tetrahedron and the cube (regular hexahedron).
Questions:
1. Verify that Euler’s theorem is satisfied for a triangular prism and a pentagonal pyramid.
2. Explain how the equation 3v/2 + 2 = v + 3v/5, which arises from Euler’s formula for the polyhedron having three pentagons meeting at each point, can readily be solved without algebraic manipulation (so could be done by students in courses before studying formal algebra).  Use instead the fact that the number of edges, vertices, and faces must be integers.  Which polyhedron is this?

3. Note there is a kind of duality among the regular polyhedra:  The octahedron has 6 vertices, 12 edges, and 8 faces, while the hexahedron (cube) has 8 vertices, 12 edges, and 6 faces.  Give another pair of regular polyhedra where the vertices and faces of one can be interchanged to get the other.  What happens if you interchange the number of vertices and faces in the remaining polyhedron?!   ** Can you explain geometrically why this is true?
4. Use Euler’s theorem to predict how many triangles result when five triangles meet at each  point of a regular polyhedron.  (This is called an icosahedron.)
5. Given that one square and two hexagons meet at each vertex, use Euler’s theorem to “predict” how many vertices, edges, squares, and hexagons are in the given polyhedron.  Use this information to sketch the polyhedron.  Explain why it is called a truncated octahedron.
6. Given that one  triangle, two squares, and a pentagon meet at each point, use Euler’s theorem to predict how many vertices, edges, triangles, squares, and pentagons are in the given polyhedron (called a small rhombicosidodecahedron).
Reference:  http://www.faculty.fairfield.edu/jmac/rs/polyhedra.htm

7. A large cube is assembled from unit cubes.  Then the outside of the big cube is painted on all six faces. Complete this table to indicate how many unit cubes are painted on 0, 1, 2, or 3 faces.  (When doing this in a classroom, students should have unit cubes!)
Size of large cube
0 faces
1 face
  2 faces
  3 faces
Total
2 x 2 x 2 
0
0
0
8
8

3 x 3 x 3
1
6
12
8
27



Reference:  “Patterns and Functions”, NCTM Addenda Series, Grades 5 – 8.
